We propose an unified approach to loop quantum gravity and Fedosov quantization of gravity following the geometry of double spacetime fibrations and their quantum deformations. There are considered pseudo-Riemannian manifolds enabled with 1) a nonholonomic 2+2 distribution defining a nonlinear connection (N-connection) structure and 2) an Arnowitt-Deser-Misner 3+1 decomposition. The AshtekarBarbero variables are generalized and adapted to the N-connection structure which allows us to write the general relativity theory equivalently in terms of Lagrange-Finsler variables and related canonical almost symplectic forms and connections. The Fedosov results are redefined for gravitational gauge like connections and there are analyzed the conditions when the star product for deformation quantization is computed in terms of geometric objects in loop quantum gravity. We speculate on equivalence of quantum gravity theories with 3+1 and 2+2 splitting and quantum analogs of the Einstein equations.
Introduction
In recent thirty years, there were developed three most popular approaches to quantization of gravity and unified and nonlinear theories in physics: the string/M-theory (SMT), geometric quantization and deformation quantization (DQ) and loop quantum gravity (LQG).
The SMT aims to a theory unifying all (in general, supersymmetric) interactions on higher dimension spacetimes and proposes a general physical paradigm containing as particular cases the well known four dimensional classical and quantum models of gravity and matter field interactions, see reviews of results and methods in Refs. [1, 2, 3] . 1 The second approach (we cite here some important works on DQ [4, 5, 6, 7, 8, 9, 10, 11] ) concerns various scenarios of geometric quantization of linear and nonlinear field theories when there are synthesized and developed the methods of modern symplectic/ Poisson geometry, algebroid mathematics, quantum group theory and noncommutative geometry [12, 13, 14, 15, 16, 17] .
In contrast to very general purposes to unification of physical interactions and elaborating general geometric principles of quantization (respectively, in SMT and DQ), the third approach, i.e. LQG, was performed just as a theory of quantum gravity combining the general relativity (GR) and quantum mechanics, see reviews of results in Refs. [18, 19, 20, 21] . This implies a non-perturbative formulation when the background independence (the key feature of Einstein's theory) is preserved. At present time, LQG is supposed to have a clear conceptual setup following from physical considerations and supported by a rigorous mathematical formulation. The existing criticism against LQG (see, for instance, [22] ) is considered to be motivated in the bulk by arguments that the mathematical formalism is not that which is familiar for the particle physicists working with perturbation theory, Fock spaces, background fields etc, see details and discussion [23] .
In a series of our works [24, 25, 26, 27, 28, 29] , we developed the idea that it is possible to re-formulate equivalently the GR in a formal language of Lagrange-Finsler variables, with a nonholonomic spacetime 2+2 splitting defining canonically an almost Kähler geometry. 2 That allowed us to develop some models of Fedosov quantization for the Einstein gravity (with violation of local Lorentz symmetry [26, 29] , or preserving this symmetry [27, 28] , certain generalizations to Lagrange-Finsler [24, 25, 26] and Hamilton-Cartan [29] spaces and analogous modelling by Lagrange and/or Finsler systems of interactions in classical and quantum gravity). 3 Using nonholonomc and quantum deformations on (pseudo) Riemannian, or effective (induced by deformations of certain geometric structures) Riemann-Cartan manifolds, the procedure of quantization can be performed in certain forms preserving the Lorentz local invariance. If the quantization formalism is developed on (co) tangent bundles, one gets quantum corrections violating this local symmetry. The Lagrange-Finsler variables associated to 2+2 distributions are similar to the Ashtekar-Barbero [38, 39, 40, 41] variables and related spacetime 3+1 splitting (details on the so-called ADM, i.e. Arnowitt-Deser-Misner, formalism in GR can be found, for instance, in [42, 18, 19, 20] ). Both types of such variables (and other various ones, like spinor variables and spin connections, tetradic variables etc) can be equivalently introduced on (pseudo) Riemannian spacetimes and generalized, for instance, on Riemann-Cartan spaces [43, 30, 31] . The main difference is that the 2+2 splitting is more convenient for certain methods and purposes of deformation quantization but the 3+1 splitting, with shift and lapse functions related to a corresponding Hamilton formalism, was chosen as the starting point for LQG. It should be noted here that both approaches can be adapted to preserve the diffeomorphism invariance and encode classical and quantum gravitational interactions, non-perturbatively, into certain nonlinear geometric structures.
The goal of this article is to analyze the conditions when two types of quantization of gravity, i.e. the LQG and DQ, admit mutual transforms of geometric and physical objects and fundamental equations. The task to establish certain equivalence conditions for two quantizations of generic nonlinear theories is not trivial: The 'deformation philosophy' [10] is very different from the paradigm of LQG and the mathematical methods and elaborated schemes of quantization belong to quite different branches of nonlinear functional analysis and almost Hermitian geometry. Our intention is to compare the mentioned formalisms of quantum gravity and give self-consistent and complimentary points of view together with a synthesis of ideas outlined in separate forms in [18, 19, 20, 21] and [4, 5, 6, 7, 8, 9, 10, 11] . This is the first paper in a series of works (the second partner is [44] ) oriented to a comparative study of the methods and results of LQG and DQ. We shall also consider possible applications of quantum gravity techniques in geometric mechanics, string theory and noncommutative geometry and analogous gravity for modelling respective quantum and classical interactions.
The paper is organized as follows:
In section 2, we formulate the general relativity theory in terms of Lagrange-Finsler variables which allows us to define certain canonical nonlinear connection and almost complex/ symplectic structures induced by (pseudo) Riemannian metrics. The Einstein gravity is formulated equivalently on almost Kähler spaces.
Section 3 is devoted to a (3+1)-splitting formalism in general relativity which is adapted to a fixed nonlinear connection structure (induced effectively by certain off-diagonal metric terms). The corresponding Hamiltonian formulations and generalized phase constructions are provided.
In section 4, we generalize the Ashtekar connections in a form allowing straightforward applications of deformation quantization methods formally elaborated for almost symplectic spaces enabled with a nontrivial Neijenhuis structure and compatible affine connection. We compute the star product in Lagrange-Finsler variables in general relativity and define the FedosovAshtekar distinguished operators.
We provide the main results on deformation quantization of gravity in terms of nonholonomically generalized Ashtekar connections in section 5. There are also computed the Chern-Weyl form defining the zero-degree cohomology for Einstein spaces and discussed the problem of quantum deformation imbedding of vacuum Einstein equations.
We conclude and discuss the results in section 6. In Appendix, there are considered some necessary formulas on nonholonomic deformation of connections and geometric objects.
Lagrange-Finsler and Almost Kähler Formulations of Einstein Gravity
In this section we introduce two different classes of variables that are used for the Lagrange-Finsler modelling of general relativity, GR, and nonholonomic deformation quantization of GR and, respectively, in the definition of loop quantum gravity, LQG. We emphasize that in both cases the covariant character of four dimensional spacetime is preserved. Before starting with the more technical material, let us establish some important coordinate and index conventions:
We consider a real four dimensional (pseudo) Riemanian spacetime manifold V of signature (−, +, +, +) and necessary smooth class. For a conventional 2+2 splitting, the local coordinates u = (x, y) on a open region U ⊂ V are labelled in the form u α = (x i , y a ), where indices of type i, j, k, ... = 1, 2 and a, b, c... = 3, 4, for tensor like objects, will be considered with respect to a general (non-coordinate) local basis e α = (e i , e a ). One says that x i and y a are respectively the conventional horizontal/ holonomic (h) and vertical / nonholonomic (v) coordinates (both types of such coordinates can be timeor space-like ones). In the case of 3 + 1 splitting, we label the coordinates as u α = (u 0 , u I ), where the space like indices run values as I, J, K... = 1, 2, 3 and0 is the time like index. We shall use both types of indices as abstract or coordinate ones but underline them, i, a, I, J , ..., in order to emphasize that such indices are just coordinate ones.
Primed indices of type i ′ , a ′ , I ′ , J ′ , ... will be used for labelling coordinates with respect to a different local basis e α ′ = (e i ′ , e a ′ ) or e α ′ = (e ′ 0 , e I ′ ), for instance, for an orthonormalized basis. For the local tangent Minkowski space, we chose e 0 ′ = i∂/∂u 0 ′ , where i is the imaginary unity, i 2 = −1, and write e α ′ = (i∂/∂u 0 ′ , ∂/∂u 1 ′ , ∂/∂u 2 ′ , ∂/∂u 3 ′ ). To consider such formal Euclidean coordinates is useful for some purposes of analogous modelling of gravity theories as effective Lagrange mechanics geometries, but this does not mean that we introduce any complexification of classical spacetimes.
We also note that Einstein's rule on summing up/low indices will be applied in this work if the contrary will be not stated as a particular case. The symbol " " means "by definition". Boldface letters will be used for spaces and geometric objects enabled/ adapted with/to certain nonholonomic distributions with effective nonlinear connection structure on a (pseudo) Riemannian spacetime V, see our conventions from [31, 30, 25, 26, 27, 28, 29] .
Lagrange-Finsler variables in GR
Let us parametrize the coefficients of a general (pseudo) Riemannian metric on a spacetime V in the form:
where the required form of vierbein coefficients e α ′ α of the dual basis
defining a formal 2 + 2 splitting, will be stated below.
Effective Lagrangians for (pseudo) Riemannian metrics
We consider an effective regular Lagrangian (fundamental, or generating, function) L(u) = L(x i , y a ), on a spacetime V, defining the nondegenerate
for
where L h ab is inverse to L h ab and respective contractions of h-and vindices, i, j, ... and a, b..., are performed following the rule: we can write, for instance, an up v-index a as a = 2 + i and contract it with a low index i = 1, 2. Briefly, we shall write y i instead of y 2+i , or y a . The values (3), (4) and (5) allows us to construct a Lagrange-Sasaky type metric (we adapt for pseudo-Riemannian manifold of even dimension the terminology used, for instance, in Refs. [45, 30] )
Let us consider a subclass of frame transforms e α ′ = e α ′ α du α , when the coefficients are parametrized in the form
we get the so-called Lagrange metric if y a are associated to vertical coordinates in a Lagrange geometry [45, 29] constructed on a tangent bundle T M with a base manifold M labelled by coordinates x i ; we emphasize here that regular Lagrange systems can be effectively modelled on nonholonomic manifolds, i.e. manifolds enabled with nonholonomic distributions defined canonically by a Lagrangian L, see details in [30, 31] Considering any given values g α ′ β ′ and L g αβ induced by a generating function L(x, y), we have to solve a system of quadratic algebraic equations with unknown variables e α ′ α . For instance, in GR, there are 6 independent values g α ′ β ′ and up till ten coefficients L g αβ which allows us always to define a set of vierbein coefficients e α ′ α ; for many cases, a subset of such coefficients can be taken be zero. Usually, we can use the N-adapted system of equations:
We argue that a metric g is written in Lagrange variables on an open region U ⊂ V 2+2 , induced by a generating function L, if and only if there is a nontrivial real solution
on U of the system of quadratic algebraic equations (7)- (9), for given values
for e i i ′ being inverse to e i ′ i . For simplicity, in this work, we suppose that there is always a finite covering of V 2+2 (in brief, denoted V) by a family of open regions I U, labelled by an index I, on which there are considered certain nontrivial effective Lagrangians I L with real solutions I e α ′ α defining vielbein transforms to systems of Lagrange variables. It should be noted here that the generating functions I L are arbitrary ones on a I U which satisfy the conditions (3): we compute explicitly an effective I L by integrating two times a convenient for our purposes L h ab together with a prescribed h a ′ b ′ both resulting in a real solution I e a ′ a of (7). Having any I L, L h ab and I e a ′ a , we compute L N a i (4) which allows us to define I e a ′ i from (8) (we have to change the partition I U and generating function I L till we are able to construct real solutions). Finally, we solve the algebraic equations (7) for any prescribed values g i ′ j ′ (we also have to change the partition I U and generating function I L till we are able to construct real solutions) and find I e i ′ i which, in its turn, allows us to compute N a ′ i ′ (10) and all coefficients of the metric g (1) and vierbein transform (2) . We shall omit for simplicity the left labe L if that will not result in a confusion for some special construction, but we shall always keep in mind that a generating function (not brokening the general diffeomorphysm symmetry) can be introduces if it would be necessary for an effective Lagrange modelling of (pseudo) Riemannian constructions. 5 
Canonical Lagrange nonlinear connections in GR
One holds some important results on analogous geometric mechanical modelling of gravitational interactions (see details in Refs. [45, 31, 30, 25, 26, 27, 28, 29] ):
The Euler-Lagrange equations
are equivalent to the "nonlinear" geodesic equations
where G a is computed following formula (5). The solutions of these equation, parametrized as u α (τ ) = x i (τ ), y a (τ ) for a real parameter 0 ≤ τ ≤ τ 0 , when y a (τ ) = dx i (τ )/dτ, define the paths of the canonical semispray
covering the region U ⊂ V with a prescribed regular effective Lagrangian. Having chosen on V an effective Lagrange structure L, we associate to any (pseudo) Riemannian metric g (1), equivalently L g (6), a set of important geometric objects as in usual Lagrange mechanics (this is a formal analogy because we do not work on a tangent bundle):
A nonlinear connection (N-connection) N is induced as a Whitney sum (nonholonomic distribution)
splitting globally the tangent bundle T V into respective h-and v-subspaces, hV and vV, given locally, in canonical form defined by a regular L, by a set of coefficients
cally for any generating function L. This mean that the constructions are diffeomorphic invariant and do not depend in explicit form on L; like in ADM formalism, there is not dependence of geometric constructins on the type of slac and shift functions. In both cases, such prescribed functions are useful for establishing cetain coordinate and frame forumulas, with respective 2+2 and 3+1 splitting, but the definition of almost Kähler and Ashterkar connections is independent on the explicit type of fibration.
There is a proof in Ref. [45] that for any vector bundle over a paracompact manifold there exists nonlinear connections. In this work, we shall consider only (pseudo) Riemannian manifolds admitting a local fibred structure with a splitting L N defined by coefficients of type (10) . For any N-connection structure N = {N a j }, we can define on V a frame structure (with coefficients depending linearly on N a j ) denoted e ν = (e i , e a ), where
∂ ∂y a and e a = ∂ ∂y a ,
and the dual frame (coframe) structure is e µ = (e i , e a ), where
satisfying nontrivial nonholonomy relations
with (antisymmetric) anholonomy coefficients
We omitted the label L for the above frame coefficients formulas in order to emphasize that such geometric objects can be defined for any formal splitting (12) induced, or not, by an effective Lagrangian.
Any effective regular Lagrangian L prescribed on a spacetime manifold
, and frame, e ν = (e i , e a ′ ) and e µ = (e i , e a ′ ), structures. In out further considerations, we shall put the label L only in the cases when it is important to emphasize certain geometric structures/objects are induced by a regular L and omit left labels if the formulas will hold true for more general classes of nonholonomic distributions.
One perform N-adapted geometric constructions by defining the coefficients of geometric objects and respective equations with respect to noholonomic frames of type (13) and (14) . The N-adapted tensors, vectors, forms etc are called respectively distinguished tensors (by a N-connection structure) etc, in brief, d-tensors, d-vectors, d-forms etc. For instance, a vector field X ∈ T V is expressed
where hX = X i e i and vX = X a e a state, respectively, the adapted to the N-connection structure horizontal (h) and vertical (v) components of the vector.
As a particular case of Lagrange modelling, we may consider a Finsler modelling with L = F 2 (x, y), where the effective Finsler metric F (fundamental function) is a differentiable of class C ∞ in any point (x, y) with y = 0 and is continuous in any points (x, 0); F (x, y) > 0 if y = 0; it is satisfied the homogeneity condition F (x, βy) = |β|F (x, y) for any nonzero β ∈ R, and the Hessian (3) computed for L = F 2 is positive definite. In such cases, we argue that a (pseudo) Riemannian space with metric g (1) is modelled by an effective Finsler geometry and, inversely, a Finsler geometry is modelled on a (pseudo) Riemannian space. Similar constructions were performed, for instance, in Ref. [45] for Lagrange and Finsler spaces defined on tangent bundles. In our works, we follow an approach when such geometries are modelled on (pseudo) Riemannian and Riemann-Cartan spaces endowed with nonholonomic distributions, see a review of results in Ref. [30] .
A (pseudo) Riemannian manifold V is nonholonomic (N-anholonomic) if it is provided with a nonholonomic distribution on T V (N-connection structure N). Any (pseudo) Riemannian space can be transformed into a N-anholonomic manifold V modelling an effective Lagrange (or Finsler) geometry by prescribing a generating Lagrange (or Finsler) function L(x, y) (or F (x, y)). For simplicity, in this work we shall use only Lagrange structures considering the Finsler ones to consist a particular (homogeneous) case.
Canonical almost complex/ symplectic structures
Let e α ′ = (e i , e b ′ ) and e α ′ = (e i , e b ′ ) be defined respectively by (13) and (14) for the canonical N-connection L N (4) stated by a metric structure g = L g (6) on V. We introduce a linear operator J acting on vectors on V following formulas J(e i ) = −e 2+i and J(e 2+i ) = e i , where and J • J = −I for I being the unity matrix, and construct a tensor field on V,
defining globally an almost complex structure on V completely determined by a fixed L(x, y). Using vielbeins e α α and their duals e and e a a solving (7)- (9), we can compute the coefficients of tensor J with respect to any local basis e α and e α on V, J α β = e α α J α β e β β . In general, we can define an almost complex structure J for an arbitrary N-connection N by using N-adapted bases (13) and (14), not obligatory induced by an effective Lagrange function.
The Neijenhuis tensor field for any almost complex structure J defined by a N-connection (equivalently, the curvature of N-connection) is
for any d-vectors X and Y. With respect to N-adapted bases (13) and (14), a subset of the coefficients of the Neijenhuis tensor defines the N-connection curvature, see details in Ref. [45] ,
A N-anholonomic manifold V is integrable if Ω a ij = 0. We get a complex structure if and only if both the h-and v-distributions are integrable, i.e. if and only if Ω a ij = 0 and
For any θ on V, there is a unique N-connection N = {N a i } (12) satisfying the conditions: θ = (hX, vY) = 0 and θ = hθ + vθ,
for any X = hX + vX, Y = hY + vY, where hθ(X, Y) θ(hX,hY) and vθ(X, Y) θ(vX,vY). For X = e α = (e i , e a ) and Y = e β = (e l , e b ), where e α is a N-adapted basis of type (13), we write the first equation in (19) in the form
We can solve this system of equations in a unique form and define
where the first term is for hθ and the second term is vθ, we get the second formula in (19) . An almost Hermitian model of a (pseudo) Riemannian space V equipped with a N-connection structure N is defined by a triple
Let us consider the form
and J induce an almost Kähler geometry. We can express the 2-form (21) as
see (20) , where the coefficients L θ ab = L θ 2+i 2+j are equal respectively to the coefficients L θ ij . It should be noted that for a general 2-form θ constructed for any metric g and almost complex J structures on V one holds dθ = 0. But for any 2 + 2 splitting induced by an effective Lagrange generating function, we have d L θ = 0. We have also d θ = 0 for any set of 2-form coefficients
constructed by using formulas (7)- (9) .
We conclude that having chosen a generating function L(x, y) on a (pseudo) Riemannian spacetime V, we can model this spacetime equivalently as an almost Kähler manifold (more exactly, for corresponding generating functions, as an almost Kähler-Lagrange, or Kähler-Finsler, nonholonomic manifold).
Equivalent metric compatible linear connections
is a linear connection which preserves under parallel transports the distribution (12) . In explicit form, the coefficients Γ α βγ are computed with respect to a N-adapted basis (13) and (14) .
If an almost symplectic structure θ is considered on a N-anholonomic manifold, an almost symplectic d-connection θ D on V is defined by the conditions that it is N-adapted, i.e. it is a d-connection, and θ D X θ = 0, for any d-vector X. From the set of metric and/or almost symplectic compatible d-connections on a (pseudo) Riemannian manifold V, we can select those which are completely defined by a metric g = L g (6) and an effective Lagrange structure L(x, y) :
There is a unique normal d-connection
which is metric compatible,
and completely defined by a couple of h-and v-components
where
In general, we can "foget" about label L and work with arbitrary g α ′ β ′ and Γ α ′ β ′ γ ′ with the coefficients recomputed by frame transforms (7)- (9). Introducing the normal d-connection 1-form
we prove that the Cartan structure equations are satisfied,
and
The h-and v-components of the torsion 2-form
from (24) is computed with components
where L Ω i kj are coefficients of the curvature of the canonical N-connectioň N i k defined by formulas similar to (18) . The formulas (26) parametrize the h-and v-components of torsion T α βγ in the form
It should be noted that T vanishes on h-and v-subspaces, i.e. T i jk = 0 and T a bc = 0, but certain nontrivial h-v-components induced by the nonholonomic structure are defined canonically by g = L g (6) and L.
We compute also the curvature 2-form from (25),
where the nontrivial N-adapted coefficients of curvature R α βγτ of D are
Contracting the first and forth indices R βγ = R α βγα , we get the N-adapted coefficients for the Ricci tensor
The scalar curvature
The normal d-connection D (22) defines a canonical almost symplectic d-connection, D ≡ θ D, which is N-adapted to the effective Lagrange and, related, almost symplectic structures, i.e. it preserves under parallelism the splitting (12) , θ D X L θ = θ D X θ =0 and its torsion is constrained to satisfy the conditions T i jk = T a bc = 0. In the canonical approach to the general relativity theory, one works with the Levi Civita connection ▽ = { Γ α βγ } which is uniquely derived following the conditions T = 0 and ▽g = 0. This is a linear connection but not a d-connection because ▽ does not preserve (12) under parallelism. Both linear connections ▽ and D ≡ θ D are uniquely defined in metric compatible forms by the same metric structure g (1). The second one contains nontrivial d-torsion components T α βγ (27) , induced effectively by an equivalent Lagrange metric g = L g (6) and adapted both to the N-connection L N, see (4) and (12), and almost symplectic L θ (21) structures L.
Any geometric construction for the normal d-connection D can be redefined by the Levi Civita connection, and inversely, using the formula
where the both connections Γ γ αβ (g) and Γ γ αβ (g) and the distorsion tensor Z γ αβ (g) with N-adapted coefficients (for the normal d-connection Z γ αβ (g) is proportional to T α βγ (g) (27) ). In this work, we emphasize if it is necessary the functional dependence of certain geometric objects on a d-metric (g), for tensors and connections completely defined by the metric structure. 6 If we work with nonholonomic constraints on the dynamics/ geometry of gravity fields in DQ, it is more convenient to use a N-adapted and/or almost symplectic approach. For other purposes, it is preferred to use only the LeviCivita connection, or a 3+1 formalism, for instance, in ADM formulation of gravity. Introducing the distorsion relation (32) into respective formulas (27) , (29) and (30) written for Γ γ αβ , we get deformations
Refs. [30, 31] and Appendix to this work for explicit formulas for distorisons of the torsion, curvature, Ricci tensors, i.e. T Z γ αβ (g), Z α βγδ (g) and Z βγ (g), which are completely defined by a metric structure g = L g with a nonholonomic 2+2 splitting induced by a prescribed regular L.
An almost symplectic formulation of GR
Having chosen a canonical almost symplectic d-connection, we compute the Ricci d-tensor R βγ (30) and the scalar curvature L R (31)). Then, we can postulate in a straightforward form the filed equations
β is the effective energy-momentum tensor, λ is the cosmological constant, G is the Newton constant in the units when the light velocity c = 1, and the coefficients e α β of vierbein decomposition e β = e α β ∂/∂u α are defined by the N-coefficients of the N-elongated operator of partial derivation, see (13) .
In order to formulate a variational N-adapted formalism for equations (34) , for the gravitational e, Γ and matter φ fields, we consider the effective action
Introducing the absolute antisymmetric tensor ǫ αβγδ and the effective source 3-form
and expressing the curvature tensor
where R τ γ = R τ γαβ e α ∧ e β is the curvature 2-form of the Levi-Civita connection ∇ and the distorsion of curvature 2-form Z τ γ is defined by Z α βγ , see (32) and (33), we derive the equations (34) (varying the action on components of e β ). The gravitational field equations are represented as 3-form equations,
when
The above mentioned equations are equivalent to the usual Einstein equations for the Levi-Civita connection ∇,
The vacuum Einstein equations with cosmological constant, written in terms of the canonical N-adapted vierbeins and normal d-connection, are
with effective source Z T τ induced by nonholonomic splitting by the metric tensor and its off-diagonal components transformed into the N-connection coefficients or, in terms of the Levi-Civita connection
Such formulas are necessary for encoding the vacuum field equations into cohomological structure of quantum almost Kähler model of the Einstein gravity, see [27] . If former geometric constructions in GR and LQG were related to frame and coordinate form invariant transforms, various purposes in geometric modelling of physical interactions and quantization request application of more general classes of transforms. For such generalizations, the linear connection structure is deformed (in a unique/canonical form following well defined geometric and physical principles) and there are considered nonholonomic spacetime distributions. All geometric and physical information for any data 1) [g, Γ γ αβ (g)] are transformed equivalently for canonical constructions
, which allows us to provide an effective Lagrange-Finsler like interpretation of the Einstein gravity, or 3)
for an almost Kähler model of general relativity. The Einstein equations for the Levi-Civita connection can be written in a more "simple" form following the approach 1). They are redefined equivalently using corresponding distorsions tensors and data 2) and 3) but in a more cumbersome form (a similar "sophistication" holds if the Barbero variables [40, 41] are introduced instead of the Ashtekar ones in order to get real constraints in the effective phase space for LQG).
Following a program oriented to a Fedosov like quantization of general relativity, it is important to work with models of type 3) and related models of type 2). In such cases, we positively work with almost Kähler spaces for effective Lagrange-Finsler geometry which are more simple than those derived for almost Hermitian geometries; see, for instance, some constructions and discussions related to generalized Lagrange geometries in [44, 30] .
N-adapted (3+1)-Splitting in GR
In this section, the variables that are used in LQG are re-defined in a form adapted to a nonlinear connection (N-connection) structure. We consider that any spacetime V enabled with a (pseudo) Riemannian metric g (1) is provided with two foliations: the first one reflects the semispray structure S (11) defined by an effective regular Lagrangian L, with associated canonical N-connection L N (4), inducing a nonholonomic 2+2 splitting; the second one is described in terms of space-like tree dimensional surfaces 3 Σ (for simplicity, we assume that such surfaces are with no boundaries), which defines a 3+1 splitting.
The Palatini action in N-adapted ADM variables
A metric g (1) is equivalently transformed into a d-metric L g (6) if we perform a frame (vielbein) transform
with coefficients
being linear on N a i . So, with respect to a local coordinate basis du α = (dx i , dy a ), any metric can be parametrized in the form
. These formulas are adapted to a nonholonomic 2+2 splitting. The tetrad variables e β β ′ from (43) and a so(1, 3)-valued connection Γ α ′ β ′ α (not necessarily torsion free, but metric compatible) subjected to the vierbein transform rule
where α ′ , β ′ , ... are considered as internal indices, can be used for a generalized Palatini approach to gravity [20] with the action
In the above formulas, ǫ
for the covariant derivative D α , defined by Γ α ′ β ′ α , acting both on spacetime and internal indices.
The vacuum gravitational field equations are obtained by varying the action (45) 
, see (35) , which results in the fields equations (37) and Cartan's first system of equations
with effective d-torsion T α ′ αβ (27) defined canonically by the metric coefficients g = L g αβ . The linearity, N-connection splitting (not N-adapted, for the Levi-Civita case) and metric compatibility can be provided if
It should be noted that with respect to N-adapted bases (13) and (14) both linear connections ▽ and D are given by the same coefficients (23) . This may simplify various coordinate and N-adapted local computations. Nevertheless, it should be noted that even both type of metric compatible connections are defined canonically by the same metric g = L g αβ , they are really different with different properties and laws of frame and coordinate transforms (for the normal d-connection, there is an induced nontrivial torsion structure (27) defined by the nonholonomy relations (15)). 7
N-adapted 3+1 splitting and the Hamilton formalism
To carry out a 3+1 fibrated Hamilton analysis of action (45), we suppose for simplicity that the spacetime V is topologically 3 Σ×R. The fibration is parametrized by a smooth function t and a time-evolution vector field t α such that t α (dt) α = 1 (it is a d-vector field if we work with N-adapted bases; in such cases we shall use a boldface symbol, i.e. t α ). Using the unit normal d-vector n α of 3 Σ, we decompose
where l N is the lapse function and s N α is the shift d-vector. 8 It is convenient to work with a partial gauge fixing, when
We consider a triad e I (a set of three 1-forms defining a 3 dimensional coframe in each point in 3 Σ), when e α = (e 0 , e I ) is defined on V. A three dimensional metric q IJ on 3 Σ is parametrized , for the internal and spacetime projection maps denoted respectively q α I and q I ′ α ′ , which reduces the internal gauge group SO(1, 3) to SO(3) living invariant n α ′ . Such formulas define a 3+1 spacetime fibration which can be adapted to a N-connection structure L N (4) induced by an effective Lagrangian L if we consider instead of arbitrary e α and e β just only N-adapted vielbeins e α = (e 0 , e I ) and e β = (e 0 , e I ) (respectively related by nondegenerated and signature preserving frame transforms with (13) and (14)). For a "double" 2+2 and 3+1 spacetime splitting, adapted to an effective L, we shall use 'boldface' symbols and left labels of type L q IJ . 9 8 we put left low labels to such symbols in order to not confuse them with the symbol N for a N-connection and to preserve the style of notations from the ADM formalism but, in our case, adapted also to a 2+2 splitting 9 Some readers may consider the system of notations to be quite sophisticate. Nevertheless, such a system is necessary if we work with "double" fibrations and abstract/ coordinate index constructions adapted to different effective Lagrange-Finsler, almost Kähler Let us consider a metric compatible affine connection (in general, it may be not a d-connection) D = {Γ α βγ }, when Dg = 0 on V. We have a so(1,
with coefficients defined by formulas (44) . Using the projection maps q α I and q I ′ α ′ and the anti-symmetric Levi-Civita symbol ǫ α ′ β ′ γ ′ τ ′ , we construct two so(3)-valued 1-forms induced by Γ α βγ on 3 Σ :
called respectively the spin connection and the extrinsic curvature on shell.
The modern LQG [18, 19, 20, 21] is formulated for a class of objects ( Γ I ′ I , K I ′ I ) induced following formulas (44) and (49) I , E I I ′ ) when the configuration and conjugate momentum are defined respectively
where q det |q IJ | = (κβ) 3 det |P I I ′ | and "tilde" is used for density objects. In terms of such variables, we can define Γ I = Γ I ′ Iτ I ′ , where (τ I ′ ) J ′ K ′ = ǫ J ′ I ′ K ′ are the generators of so(3) (or equivalently, of su(2) in the adjoint representation) if the structure constants are chosen to be ǫ J ′ I ′ K ′ and write the conditions (47) as
. These equations suggested to consider A I ′ I from (50) as a new linear connection called the and Riemannian structures. The final geometrical results do not depend on the type of splitting and formalism applied for proofs but we have to use in parallel three "geometric languages" (from loop, almost symplectic and nonholonomic manifolds geometries) in order to present and "translate" the results to some separated communities of researches working with different methods of quantization of gravity and field theories.
Ashtekar connection, or the Ashtekar-Barbero connection. 10 In such new Ashtekar variables, the action (45), see details in [18, 19] , results in the Hamiltonian density
, s N I and l N are Lagrange multiples (contrary to (48), we do not use boldface symbols because Γ J ′ I is not a dconnection) and the constraints are
where the so(3)-valued curvature 2-form of A I ′ I is defined as in Yang-Mills theory, F
Introducing the Hamiltonian
where d 3 x Σ is the volume element on the hypersurface 3 Σ, we get a symplectic structure on the classical phase space with the Poisson brackets of type
for any two points 1 x and 2 x on 3 Σ. The constraints algebra for (51) is closed under such a Poisson structure, i.e. all constraints are of first class following the Dirac approach to quantization of constrained systems and the hamiltonian H is the linear combination of the constraints functions. The evolution equations
where L t is the Lie derivative with respect to the time-like direction, together with the constraints equations (51), are completely equivalent to the vacuum Einstein equations. 11 In result of such constructions, GR is cast as a dynamical theory of connections with a compact structure group. Together with the 'Master Constraint Project' [23, 48] , this allows to solve the constraints problem and perform a loop quantization of gravity.
Fedosov-Ashtekar N-adapted Operators
We provide a nonholonomic generalization of the Ashtekar-Barbero variables [38, 39, 40, 41] and define the corresponding star product and FedosovAshtekar d-connection. The Fedosov's deformation quantization [6, 7] generalized for almost Kähler geometries [9, 10] will be applied to (pseudo) Riemannian manifolds parametized in Lagrange-Finsler variables.
N-adapted Ashtekar-Barbero variables

In section 2.2, we formulated an almost Kähler model of GR in variables [
where the almost symplectic form L θ is given by formula (21), the normal connection θ Γ γ αβ = Γ γ αβ has N-adapted coefficients (23) and the almost complex structure J( L g) is defined by the tensor (16) with a corresponding Neijenhuis tensor J Ω (17), all constructions being adapted to the N-connection structure L N (4).
Let us consider a general frame e ν and corresponding (dual) coframe e µ on a spacetime V enabled with metric g, almost complex, J(e β ) = J α β e α , and symplectic, θ, structures in compatible forms in the following sense: θ(JX, JY ) = θ(X, Y ) and g(X, Y ) = θ(JX, Y ) for any vector fields X, Y ∈ T V. For θ αβ θ(e α , e β ) and g αβ g(e α , e β ), and introducing the corresponding inverse matrices g αβ and θ αβ , we have J α β = g βγ θ γα = g αγ θ γβ , which allows us to compute the coefficients of the Neijenhuis tensor J Ω = J Ω γ αβ e γ for this complex structure, 12
An affine connection D = {Γ γ αβ } respects (i.e. it is compatible) the almostcomplex structure J, if D τ J γ α = 0. One holds true a result due to [49] stating 11 for simplicity, we do not consider here matter field sources, which can be also introduced into ADM and LQG formalisms, see [18, 19] 12 we can use the formula (17) but for not "boldfaced" geometric objects that the torsion T α βγ of a compatible with J linear connection D must satisfy the condition 4T
This formula was applied for generalizing the Fedosov's results to almost Kähler deformation quantization in Ref. [9] and discussed in Refs. [25, 26, 27, 28] for applications in quantum Lagrange-Finsler geometry and deformation quantization of gravity. Here, we note that working with LagrangeFinsler variables on (pseudo) Riemannian spaces, or in a more general case, on metric-affine and Riemann-Cartan spaces admitting such LagrangeFinsler modelling, we can restrict our considerations to canonical almost Kähler models when all geometric objects are N-adapted and compatible with the almost complex structure. The restriction (55) becomes not crucial for the related Lagrange-Finsler d-connections and d-tensors, which allows us to perform a deformation quantization in N-adapted form for the corresponding canonical objects. In order to establish a "bridge" between LQG and DQ of the Einstein gravity, we have to consider possible relations between the connection and frame variables of both theories. In a canonical way, having prescribed an additional almost complex structure J on a spacetime V, we may try to generalize the Ashtekar variables A I ′ I (50) to the coefficients of an affine connection D = {Γ γ αβ } satisfying the conditions (55) . In such a case, we are able to quantize a generalized gravity model but the constructions depend on an additional tensor object J and related torsion. Nevertheless, as we emphasized in the previous sections, using Lagrange-Finsler variables, we are able to derive canonical almost Kähler geometric objects in N-adapted form, when all structures, including the almost complex tensor J( L g) (16) and the corresponding Neijenhuis tensor J Ω( L g) (17) are completely defined by the metric structure g = L g (6) . In this case, all classical data from GR can be equivalently encoded into a nonholonomic almost Kähler model and inversely.
Our idea is to generalize the Ashtekar connection
(we call A I ′ I the Ashtekar d-connection, or, equivalently, the nonholonomic deformation of the Ashtekar-Barbero connection A I ′ I ) where the deformation d-tensor Z I ′ I defines the torsion of A I ′ I to be canonically induced by L g and satisfy the condition (55), i.e.
This will allow us to apply the formalism of Fedosov quantization in LQG with nonholonomically deformed Ashtekar variables. In Appendix, we sketch the method of computation and provide explicit formulas for the deformation tensor A Z I ′ I (A.7) which is also uniquely defined by L g. It is obvious that the nonholonomic deformation of the Ashtekar connection A I ′ I from (50) to the d-connection A I ′ I (56) deforms the structure of constraints (51), Poisson brackets (52) and evolution equations (53) which makes more sophisticate the procedure of loop quantization. 13 Nevertheless, is spite of a formal sophistication for LQG, the procedure of quantization become quite simple when there are used DQ methods for the linear connection A I ′ I because it contains the necessary standard relation (57) between the Neijenhuis and torsion tensors, which in 3-variables (the proof is similar to that for formulas (A.7) in Appendix) are written
where A T I ′ I is the torsion of A I ′ I . Following the Fedosov method generalized for almost Kähler and Lagrange-Finsler geometries in Refs. [9, 25, 26, 27, 28] , we preserve the variables A I ′ I and their deformations A Z I ′ I in the structure of the star product and related quantum geometric operators.
Star products and Fedosov-Ashtekar d-operators in GR
We introduce the tensor
where L θ α ′ β is the form (21) with "up" indices and L g αβ is the inverse to L g αβ (6) . The local coordinates on V are parametrized u = {u α } and the local coordinates on T u V are labelled (u, z) = (u α , z β ), where z β are fiber coordinates. For a more short presentation for physicists, we shall omit details on Fedosov's theorems and their proofs because they are similar to those presented in Refs. [6, 7, 9, 25, 26, 27 , 28] but we shall emphasize certain more special constructions related to nonholonomic deformations of Ashterkar variables and related almost Kähler-Lagrange-Finsler geometric objects.
The formalism of deformation quantization is developed for C ∞ (V) [[v] ], which is the space of formal series in variable v with coefficients from C ∞ (V) on a Poisson manifold (V, {·, ·}) (in this work, we shall consider an almost Poisson structure generated by the canonical almost symplectic structure in Lagrange-Finsler and generalized Ashtekar variables). We define an associative algebra structure on C ∞ (V) [[v] ] with a v-linear and v-adically continuous star product
where r C, r ≥ 0, are bilinear operators on
It is possible to introduce a formal Wick product (using decompositions of type (60)),
for two elements a and b defined by series of type
where by {α} we label a multi-index. We also consider a formal Wick algebra W u = L W u associated with the tangent space T u V enabled with Nconnection splitting induced by an effective L, for any point u ∈ V. It should be noted that the fibre product (61) can be trivially extended to the space of 
we construct Λ IJ = q I α q J β Λ αβ stating a formal Wick product for 3 Σ,
a(z)b(z [1] ) | z=z [1] .
In this case, we construct a 3 Σ-projection of the product (61), denoted " Σ •" which is also bigraded on the space W ⊗ Σ Λ, where Σ Λ is used for (56) and (A.7)),
where we took n I ′ = n α ′ q α ′ I and A I ′ K J n I ′ = A I ′ J and a ⊗ dµ should be considered on 3 Σ.
The Fedosov distinguished operators (d-operators) δ and δ −1 on W ⊗Λ ( for L δ and L δ −1 on L W ⊗ Λ induced by an effective L, we may call them the Fedosov-Lagrange operators), are defined δ(a) = L δ(a) = e α ∧ z e α (a), and (64)
and their projections with respect to 3 Σ, Σ δ(a) = e I ∧ z e I (a), and
where any a ∈ L W ⊗ Λ is homogeneous w.r.t. the grading deg s and deg a with deg s (a) = p and deg a (a) = q. where a −→ σ(a) is the projection on the (deg s , deg a ) -bihomogeneous part of a of degree zero, deg s (a) = deg a (a) = 0; δ is also a deg a -graded derivation of the d-algebra ( W ⊗ Λ, •) . In a similar form, using (65) on W ⊗ Σ Λ, Σ • , we get the space projection of this for formula, denoted
For simplicity, hereafter we shall present only space projected formulas for indices of geometric objects labelled by I, J, K, ... and/or their interior analogs, ... I ′ , J ′ , K ′ , ... if the four dimensional constructions will not have certain special important properties. Following a straightforward component calculus similar to that presented in [9, 26] (respectively, for holonomic and nonholonomic geometric configurations), we get the respective torsion and curvature of the Ashtekar doperators extended to W ⊗ Σ Λ, (58), and
By straightforward local computations, we can verify that
where [·, ·] is the deg a -graded commutator of endomorphisms of W ⊗ Σ Λ and ad W ick is defined via the deg a -graded commutator in W ⊗ Σ Λ, Σ • .
Having constructed the Fedosov-Ashekar operators, we have defined the main geometric tools necessary for DG of GR in a form preserving an explicit relation to variables in LQG.
Deformation Quantization and Ashtekar d-Connections
In our previous works [26, 27, 28] , we proved that formulating a (pseudo) Riemannian geometry in Lagrange-Finsler variables, we can quantize the metric, frame and linear connection structures following standard methods in DQ of almost Kähler manifolds. Introducing the Ashtekar type variables in GR, we can follow standard methods of LQG, or (after corresponding nonholonomic deformations) to apply certain schemes of DQ. The goal of this section is to re-define the main Fedosov's results [6, 7, 9] in generalized Ashtekar variables and show how the Einstein manifolds can be encoded into the topological structure of geometrically quantized nonholonomic spaces.
Fedosov's approach for Ashtekar d-connections
Let us consider a (pseudo) Riemannian manifold with the data reformulated in almost symplectic Ashtekar type variables L Λ αβ (59) and A I ′ I (56) induced by an effective Lagrange structure L.
Definition of flat Fedosov-Ashtekar d-connection
Any (pseudo) Riemanian metric g = L g αβ (6), after a 3+1 splitting adapted to a N-connection structure induced canonically by a regular L, defines a flat normal Fedosov-Ashtekar d-connection
satisfying the condition Σ D 2 = 0, where the unique element Σ r ∈ L W ⊗ Σ Λ, deg a ( Σ r) = 1, Σ δ −1 Σ r = 0, solves the equation
where A Σ T and A F on hypersurface 3 Σ are respectively the 2-forms of torsion and curvature of A D = {A I ′ I }. The element Σ δr is computed recursively with respect to the total degree Deg as follows:
where by a (k) we denoted the Deg-homogeneous component of degree k of an element a ∈ W ⊗ Σ Λ. The proof of formulas (69) and (70) consists from straightforward verifications of the property Σ D 2 = 0 using for Σ r a formal series of type (62). The above-presented formulas are written in a four dimensional form for the d-connection A Γ α βγ ( g) (A.2) and Fedosov-Lagrange operators δ and δ −1 (64). From a formal point of view, we have to omit the label "Σ" and rewrite the formulas for the torsion A T (57) and curvature A R, when A R τ γ = A R τ γαβ e α ∧ e β ; for coefficients, see similar formulas (46) , but for this case considered for the d-connection A Γ α βγ . There is a flat connection
satisfying the condition D 2 = 0, where the unique element r ∈ W ⊗ Σ Λ, deg a (r) = 1, δ −1 r = 0, solves the equation
where the element δr can be computed recursively with respect to the total degree Deg as follows:
We note that the formulas (71) and (72) are ismorphic to similar ones considered in Theorem 3.1 from Ref. [27] , but re-adapted in this work for a 3+1 splitting. Their space three dimensional projections result in (69) and (70) containing a nonholonomic and quantum deformation of the AshtekarBarbero variables.
The star-product induced by the Fedosov-Ashtekar d-connection
We present the definition of the star-product for three and four dimensional hypersurfaces with the d-connections canonically related both to the Ashtekar variables and Finsler-Lagrange ones.
Three dimensional hypersurface constructions: The procedure of deformation quantization is strongly related to the definition of a starproduct which in our approach is computed canonically because the Ashtekar d-connection A I ′ I (56) is a N-adapted affine and/or almost symplectic connection like those considered in [9, 26, 27, 28] . A star-product on the almost Kähler model of a (pseudo) Riemannian space in Lagrange-Finsler variables enabled with a canonicaly nonholonomically deformed Ashtekar-Barbero connection is defined on
where the projection Σ σ :
] onto the part of deg s -degree zero is a bijection and the inverse map Σ τ :
] → W A can be calculated recursively w.r..t the total degree Deg,
We denote by f ξ the Hamiltonian vector field corresponding to a function f ∈ C ∞ (V) on space (V, θ) and consider the antisymmetric part
of bilinear operator C( 1 f, 2 f ). We say that a star-product (60) is normal-
where Σ {·, ·} is the Poisson bracket defined with respect to the space hypersurfice 3 Σ. For the so-called normalized Σ * , the bilinear operator − 2 C defines a de Rham-Chevalley 2-cocycle, when there is a unique closed 2-form Σ κ such that
for all 1 f, 2 f ∈ C ∞ (V). This is used to introduce c 0 ( Σ * ) [ Σ κ] as the equivalence class. A straightforward computation of 2 C from (74) and previous formulas prove that there is a unique 2-form defined by the Ashtekar d-connection
where (12) , where the left label points that the tangent bundle is split nonholonomically by the canonical N-connection structure N. We perform a distinguished complexification of such second order tangent bundles in the form 
Let us define another canonical class
This allows us to compute the closed Chern-Weyl form
calculated recursively w.r.t. the total degree Deg, τ (f ) (0) = f and, for k ≥ 0,
The bilinear operator − 2 C defining the de Rham-Chevalley 2-cocycle for the normalized * is given by a unique closed 2-form κ such that
, which is used to introduce c 0 ( * )
[κ] as the equivalence class with
where the coefficients of the curvature and torsion 2-forms of the normal d-connection 1-form are given respectively by formulas (28) and (26). The closed Chern-Weyl form is computed
which defines the canonical class is ε [ γ] and the zero-degree cohomology coefficient for the almost Kähler model of a (pseudo) Riemannian space with d-connection A D, computed c 0 ( * ) = −(1/2i)ε.
Formulas (77), (78) and (79) were computed following the Karabegov and Schlichenmaier approach [9] for the canononical d-connection and normal d-connection in Lagrange-Finsler geometry and Einstein spaces enabled with nonholonomic distiributions modelled on nonholonomic manifolds or tangent bundles, see respecively [25, 26, 27, 28] . Working with the d-connection A D, all constructions are generated in adapted forms both to the nonholonomic 2+2 and 3+1 splitting which allows us to obtain on corresponding three dimensional hypersurfaces the respective formulas (73), (75) and (76) containing nonholonomic deformations of the Ashtekar-Barbero connection.
The zero-degree cohomology for Einstein spaces in Ashtekar-Lagrange variables
The 3+1 splitting formalism encode the Einstein equations in an equivalent 'quantum' form as the Wheeler De Witt equations. In new canonical (Ashtekar and modifications) variables, for LQG, one has to consider the socalled "master constraint programme". So, for certain canonical and loop quantization models, the gravitational field equations are considered as the starting point for definition of the quantization formalism. In DQ, there were elaborated quantization schemes when metric, vielbein and connection fields are not obligatory subjected to satisfy certain field equations and/or derived by a variational procedure. For instance, such geometric and/or BRST quantization approaches were proposed in Ref. [50, 51] . This allows us to apply DQ methods to generalized theories of gravity, matter field interactions and nonlinear mechanical systems.
We proved in the previous sections that under certain well defined conditions the scheme of LQG is equivalent to that from DG in a nonholonomically modified Fedosov approach. Even in such generalized AshtekarLagrange variables (with A I ′ I (56) and A Γ α βγ (A.2)) the Poisson structure (52) and related evolution equations (53) are nonholonomically deformed and we "loose" a direct connection to the Einstein equations, the scheme of DQ gives us the possibility to consider nonholonomic quantum deformations of the gravitational field equations [27, 28] . Here, we analyze in brief the problem of encoding the Einstein equations into the formalism of nonholonomic DQ for the d-connection A Γ α βγ (using formulas (A.6) and (A.7), we can compute all values corresponding to A I ′ I ). Introducing the formulas (37) into formulas (78) and (79), we obtain that the zero-degree cohomology coefficient c 0 ( * ) for the almost Kähler model of an Einstein space defined by a d-tensor g = L g αβ (6) as a solution of the vacuum Einstein equations) is c 0 ( * ) = −(1/2i)ε, for ε [ γ], where
It should be noted that for λ = 0 the 2-form Z τ α is defined by the deformation d-tensor from the Levi-Civita connection to the normal d-connection (32), see formulas (A.5). We conclude that c 0 ( * ) encodes the vacuum Einstein configurations, in general, with nontrivial cosmological constant λ and their quantum deformations. Multiplying e α ∧ with (80) written in Lagrange-Finsler variables with a further 3+1 decomposition and introducing the almost complex operator J βγ , we get the almost symplectic form of the Einstein equations (37) . In Ashtekar-Lagrange variables, the quantum field equations corresponding to the Einstein gravitations in general relativity are
We emphasize that in the vacuum case, when λ = 0, the 2-form γ (80) from (81) is not zero but defined by T τ = Z T τ . Finally, we note that it is possible an explicit computation of γ for nontrivial matter fields following combined LQG and DQ approaches to models with interacting gravitational and matter fields geometrized in terms of an almost Kähler model defined for spinor and fiber bundles on spacetime [44] .
Conclusions
There are four conventional communities of researches working in modern quantum gravity, separated by different philosophies and purposes in physics, mathematical 'language' and ways of using mathematical formalism. Two communities related to string/ M-theory (SMT) and perturbative quantum gravity (PQG) have a number of common points, for instance, with the background field method but they propose different approaches and claim to have a different status in theoretical particle physics. The first one was built as a theory of unification of interactions and the second one is still considered to be undefined because of non-renormalizibility and a number of conceptual and technical problems. Here, one should be emphasized that PQG can be more simply and directly standard theories of physics and experimental data. Researches from SMT and loop quantum gravity (LQG, the involved persons consist the third community) have a common goal, a consistent theory of quantum gravity, but both theories are with very different underlying hypothesis, mathematical tools, a lot of different complementary tasks and yet unresolved theoretical problems and lack of experimental verification. It is still supposed that LQG might become a part of SMT but this will be not the case if, for instance, the supersymmetry is not necessary for a consistent quantization of gravity.
In LQG a lot of serious work has been done and considerable progress was achieved. Some researches still point to possible problems with the semiclassical limit, compatibility with the perturbative approach and spacetime covariance and diffeomorphysm invariance [22] . Nevertheless, it is considered that the constructions in LQG are physically well motivated and (sometimes) mathematically unique which makes the approach less ambiguous [23] but still less familiar for particle physics researches.
During last three decades, it was also an intensive work on geometric and deformation quantization (DQ, we classify the authors publishing in this direction to belong to the forth community in quantum gravity), see reflections [10] on philosophy of DQ. The Fedosov quantization [6, 7] was generalized for Poisson manifolds [8] and almost Kähler spaces [9] . For a long time, it was considered that DQ might not have direct applications to the general relativity (GR) theory because torsion and almost symplectic connections play a crucial role in DQ, which was considered to be not related to the Levi-Civita connection in (pseudo) Riemannian geometry.
We proved that the classical Einstein theory can be re-formulated equivalently as an almost Kähler geometry if the (pseudo) Riemannian spacetime is enabled with a formal (2+2)-dimensional nonholonomic distribution [25, 26, 27, 28] . For such a distribution inducing an effective nonlinear connection, a (pseudo) Riemannian metric defines not only the preferred Levi-Civita linear connection (which, by definition, is metric compatible and torsionless) but also an infinite number of metric compatible linear connections with nontrivial torsions. There is a canonical connection when the torsion is completely and uniquely induced by the metric coefficients in a form necessary for DQ of almost complex/ symplectic structures. So, we can quantize GR by deforming it in a unique form to a corresponding model of nonholonomic almost Kähler geometry (all data for deformations of geometric objects, their values on the 'primary' (pseudo) Riemannian spacetime and 'target' almost symplectic nonholonomic manifolds being defined by a 'primary' metric structure). Such generalized transforms are described not only by frame and coordinate maps but also by deformations (equivalently, distorsions) of connections and fundamental tensor/spinor objects. They result in effective Riemann-Cartan (or Einstein-Cartan) spaces when the torsion is completely induced by certain generic 'off-diagonal' coefficients of a metric related to the 2+2 nonholonomic splitting.
A very important geometric techniques for DQ of GR was taken from Finsler geometry and its generalization as the Lagrange geometry [45] (we note the formalism of nonlinear connections, N-connections, the geometry of nonholonomic manifolds and N-adapted linear connections and geometric objects [52, 53, 54, 55, 31] ). In our approach, we emphasized that various types of Lagrange-Finsler variables can be introduced formally also on (pseudo) Riemannian manifolds, which is very useful for parametrizations of certain very general classes of generic off-diagonal solutions of the Einstein equations in GR, string gravity and gauge (non) commutative gravity, see original results and reviews [30, 31, 32, 33] .
It should be emphasized here that some groups of mathematicians and physicists use in their investigations on generalized gravity models and applications of Finsler geometry the so-called Cartan connection [56] which is a torsionless but metric noncompatible generalization of the Levi-Civita connection. Nonmetricity, in such cases, makes more sophisticate and almost impossible (without a metric compatible background) the definition of a number of very important physical geometric objects and concepts (like spinors, twistors and conservation laws) and formulation of noncommutative generalizations of Finsler geometry, which also exists in Lagrange-Finsler DQ. For the purposes considered in this work, elaboration of an unified approach to LQG and DQ of gravity and further applications on standard physics, a nonmetricity field would induce a number of very difficult problems for quantization of models with locally anisotropic spaces (see detailed discussions and reviews of results in [30, 31] ). In our works on LagrangeFinsler and nonholonomic manifolds geometry, we follow a more 'conservative' and 'pragmatic' point of view when locally anisotropic configurations are modelled by nonholonomic distributions on (pseudo) Riemannian and Riemann-Cartan spaces and the condition of metric compatibility of linear connections is positively satisfied. This is the case for the so-called Cartan connection in Finsler geometry [58] and various metric compatible modifications and generalizations of nonlinear and linear connections [45, 57, 30, 31, 32, 33] which can be related to certain classes of nonholonomic almost symplectic/Kähler structures and presents a substantial interest for application of DQ methods.
For various purposes of DQ of GR, to introduce and work with formal (effective) Lagrange-Finsler variables is very important because this allows us to construct in explicit form some canonical symplectic forms and linear connections completely defined by a metric structure (which may be, or not, a solution of the Einstein equations). If such geometric and physical objects are introduced on (co) tangent bundles, we perform DQ models for general nonlinear mechanical models encoded as Lagrange-Finsler (Hamilton-Cartan) geometries; here we note that, for instance, the Finsler geometry consists a particular (homogeneous) case of Lagrange geometry. We can consider an inverse situation when fixing a convenient formal (regular Lagrange) generating function on a (pseudo) Riemannian manifold (in a particular case, we take an Einstein manifold), we model effectively certain gravitational processes as analogous mechanics systems. This allows us also to model quantum GR effects by certain quantized nonlinear mechanics Lagrange/ Hamilton models following well defined methods of nonholonomic quantum geometry.
The aim of this article was to give a self-contained and comparative analysis of two existing general approaches to quantization of GR, the LQG and DQ, and to construct a "bridge" between these two quantum gravity theories. In spite of their general difference on methods and philosophy, both approaches contain certain common principles and ideas. Both quantizations are based on the idea of spacetime splitting preserving the general covariance and diffeomorphism invariance: a 3+1 splitting is used in LQG and a 2+2 nonholonomic splitting is used in DQ. In both cases, certain new variables are necessary to perform the procedure of quantization: for LQG, one uses the Ashtekar-Barbero variables, which simplifies the structure of constraints, and, for DG, one considers the Lagrange-Finsler variables, which allows us to define certain canonical almost symplectic fundamental geometric objects.
There are also substantial differences between the above-mentioned two approaches. For instance, in LQG, the procedure of quantization is strongly determined by the Wheeler -de Witt equations (which are equivalent to the Einstein equations, define an effective Hamiltonian for gravity with a 3+1 splitting and conclude in a corresponding algebras of constraints, for different classes of new variables). It is also very important the so-called Master Constraint Programme [23] allowing to define a quantum solution for constraints and quantize the theory following the Dirac method. The procedure of DQ can be performed for any almost symplectic / Poisson structure enabled with a necessary type linear connection when the torsion is defined by the Neijenhuis tensor. In this case, the condition to find in explicit form a quantum variant of Einstein equations and to solve certain classes of constraints is not so important, all data being encoded into the nonholonomic configuration of theory and the zero-degree cohomology coefficient (where a nonholonomically deformed version of the Einstein equations is contained). We conclude here that LQG may be more convenient for establishing a self-consistent semi-classical limit when the form of classical Einstein equations is well known. The de-quantization procedure in DQ and (in general) the formalism of DQ are crucial if certain classical models (their fundamental geometric objects, field equations and conservation laws) would be substantially modified under quantization (for instance, the BRST formalism together with DQ consider methods of non-Lagrange theories and other various exotic quantum models [50, 51] ).
A formal scheme for LQG and DQ of GR, sketching a mathematical physics "dictionary" between two, in general, different nonlinear quantum theories, is given in Figure 1 . We see that the data for one type of quanti-zation can be transformed into the data for the second type quantization, and inversely, if we generalize the Ashtekar-Barbero connection to a nonholonomic version of linear connection adapted to a canonical nonlinear connection structure (for the equivalent almost Kähler-Lagrange model). This allows us to provide a Fedosov quantization of GR in terms of effective Lagrange-Finsler variables re-expressed as generalized Ashtekar variables and to define the LQG geometric objects in terms of DQ objects, and inversely. Here, it should be emphasized that LQG gravity is dynamical (loop quantum field) theory of spacetime but DQ of GR limited to a definition of the corresponding cohomology class of star products is a geometric model of quantum mechanics for gravitational fields. Both approaches can be developed by using different 3+1 and 2+2 splitting (including double fibrations), preserving diffeomorphism invariance and non-perturbative character but they can not be made equivalent like the quantum mechanics is not equivalent to quantum field theory.
We note some possible important generalizations and applications of the unified approach to LQG and DQ proposed in this paper. Having elaborated a quantization scheme using nonholonomic versions of Ashtekar-Barbero variables, we can consider it in various (non) commutative gauge gravity theories and nonlinear models of physical interactions [32] and quantum almost Kähler geometries related to string gravity. Inversely, in [44] , we show how we can quantize nonlinear mechanics models and related LagrangeFinsler geometries following methods LQG which gives us the fist example of quantum analogous gravity self-consistently formulated in the language of geometric mechanics.
Finally, we note that in this work we only sketched the proofs of the most important results of common interest in LQG and DQ of GR since we wonted to reach a rather general audience and find certain important common points of these two different approaches. All the technical details can be found in comprehensive and self-contained forms in the cited monographs and reviews.
A Almost complex adapted Ashtekar Connections
The coefficients of the Neijenhuis tensor J Ω (17) for the canonical almost complex structure J( L g) (16) Having A Z determined by J Ω, we compute the distorsion formulas relating c Γ and Γ, see details in [30, 31, 45] .
For any metric structure g on a manifold V, the Levi-Civita connection is by definition the unique linear connection ▽ = { Γ α βγ } which is metric compatible, ▽g = 0, and torsionless, T = 0. This is not a d-connection because it does not preserve under parallelism the N-connection splitting (12) . We parametrize the coefficients: 
is by definition a metric compatible d-connection uniquely defined by g = L g (6) to satisfy the properties in c T i jk = 0 and c T a bc = 0 but c T i ja , c T a ji and c T a bi are not zero. A straightforward calculus shows that the coefficients of the Levi-Civita connection can be expressed in the form 
In the simplest case, having computed ( 
